In the article, we establish several Lazarević and Cusa type inequalities involving the hyperbolic sine and cosine functions with two parameters. As applications, we find some new bounds for certain bivariate means.
Introduction
The well-known Lazarević inequality More inequalities for the hyperbolic sine and cosine functions can be found in the literature [-].
Let p, q ∈ R and H p,q (x) be defined on (, ∞) by
where the function U p (t) is defined on (, ∞) by
The main purpose of this paper is to deal with the monotonicity of H p,q (x) on (, ∞), generalize and improve the Lazarević and Cusa type inequalities, and present the new bounds for certain bivariate means.
Monotonicity

Lemma . Let p ∈ R and U p (t) be defined on (, ∞) by (.). Then the function p → U p (t) is increasing on R and U p (t) >  for all t ∈ (, ∞).
Proof Let p = , then the monotonicity of the function p → U p (t) follows easily from
It follows from the monotonicity of the function p → U p (t) that 
are also increasing (decreasing) on (a, b). Let Sh p (x) and Ch p (x) be defined on (, ∞) by
Lemma . (See [])
and
respectively, where the function U p is defined by (.). Then from (.) and (.) we clearly see that the function H p,q (x) can be rewritten as
Let pq = . Then it follows from (.), (.), and (.) that
where
where C(x) >  due to
by the Wilker type inequality given in [] .
It is not difficult to verify that (.)-(.) are also true for pq = . Let
Then making use of (.)-(.) together with the power series formulas sinh(x) = ∞ n= x n+ /(n + )! and cosh(x) = ∞ n= x n /(n)! we have
In order to investigate the monotonicity of the function H p,q , we need Lemma ..
Lemma . Let A(x), B(x)
, and C(x) be, respectively, defined by (.), (.), and
Then the following statements are true:
Proof Let a n , b n , and c n be, respectively, defined by (.), (.), and (.). Then it follows from (.)-(.) that
v n = a n+ c n -a n c n+
We claim that
for n ≥ . Indeed, making use of the binomial expansion we have 
Case . q = . We first prove that u n /v n is decreasing for n ≥ . From (.) we know that it suffices to show that u n v n+ -u n+ v n >  for n ≥ . It follows from (.) and (.) that
Note that
for n ≥ . Therefore, u n v n+ -u n+ v n >  for n ≥  follows from (.), (.), and (.). From (.), (.), (.), and the monotonicity of u n /v n we clearly see that
Therefore, the desired results follows easily from (.), (.), (.), and Lemma . together with the facts that
From Lemma ., we get the monotonicity of H p,q as follows.
Proposition . Let I  and I  be defined, respectively, by (.) and (.), and H p,q (x) be defined on (, ∞) by (.). Then the following statements are true:
Proof Let f  (x) and f  (x) be defined by (.) and (.), respectively.
and Lemma .(ii).
It is easily to verify that (p, q)
Therefore, Proposition . can be restated as Propositions . and ..
Proposition . Let H p,q (x) be defined on (, ∞) by (.). Then the following statements are true:
Let p = kq, then Proposition . leads to the following corollary.
Let I  and I  be defined by (.) and (.), respectively. If (p -q)/ +  = , then we clearly see that
and Proposition . leads to the following corollary. 
Main results
In this section, we present several Lazarević and Cusa type inequalities involving the hyperbolic sine and cosine functions with two parameters.
Let Sh p (x), Ch p (x), H p,q (x), I  , and I  be, respectively, defined by (.), (.), (.), (.), and (.). Then it is not difficult to verify that
From Proposition ., we get Theorem . immediately.
hold for x ∈ (, ∞) with the best possible constant /.
For clarity of expression, in the following we directly write Sh p (x), Ch p (x), and H p,q (x), and so on. For their general formulas, if pq = , then we regard them as limit at p =  or q = , unless otherwise specified.
Lemma . will be used to establish sharp inequalities for hyperbolic functions.
Lemma . Let Sh p and Ch q be, respectively, defined on (, ∞) by (.) and (.), and D p,q be defined on (, ∞) by
Then we have
Proof Let x →  + , then making use of power series formulas and (.) we get
Therefore, (.) and (.) follows easily from (.).
We divide the proof of (.) into four cases. Case . p = , q = . Then (.) leads to
Case . p > , q = . Then it follows from Lemma . and (.) that
follows from Case  and (.).
Equation (.) follows easily from (.) and the fact that
Making use of Proposition . and Lemma . we get Theorems . and .. (i) If q ∈ [/, ∞) and the second inequality of (.) holds for all x ∈ (, ∞), then (.) and (.) lead to the conclusion that p  ≥ q -/. If q ∈ [/, ∞) and the first inequality of (.) holds for all x ∈ (, ∞), then we claim that p  ≤ q, otherwise, p  > q ∈ [/, ∞) and the first inequality (.) imply that D p  ,q (x) <  for all x ∈ (, ∞), which contradicts with (.).
Theorem . The following statements are true:
(ii) If q ∈ [/, /) and the first inequality of (.) holds for x ∈ (, ∞), then the proof of p  ≤ q is similar to part two of (i).
(iii) If q ∈ (, /) and the first inequality of (.) holds for x ∈ (, ∞), then the proof of p  ≤ q -/ is similar to part one of (i).
(iv) If q ∈ (-∞, ] and the first inequality of (.) holds for x ∈ (, ∞), then (.) and (.) lead to the conclusion that p  ≤ q -/.
Theorem . The following statements are true:
(i) If p ∈ [/, ∞), then the double inequality Remark . Let t ∈ (, ∞), and p,q and M(t; p, q) be, respectively, defined by 
Let q = , then Theorem . leads to Corollary .. 
Corollary . The double inequality
for x ∈ (, ∞), which is better than the inequalities given in (.) of [].
Let p = , , then Theorem . leads to Corollary ..
Corollary . Let x ∈ (, ∞). Then the double inequality
holds if and only if q  ≤  and q  ≥ /, and the double inequality
holds if and only if q  ≤ / and q  ≥ . 
for x ∈ (, ∞).
Remark . It is not difficult to verify that M(t; kq, q) is decreasing (increasing) with respect to q if k > (<) , and M(t; kq, q) is decreasing (increasing) with respect to k if q > (<) . 
Theorem . Let x ∈ (, ∞) and k ∈ [, ). Then the following statements are true:
If the second inequality of (.) holds, then D kq  ,q  (x) <  and (.) leads to
Next, we prove that the condition q  ≤  is necessary such that the first inequality of (.) holds for all x ∈ (, ∞). Indeed, the first inequality of (.) leads to D kq  ,q  (x) <  for all x ∈ (, ∞). If q  >  and k ∈ (, ], then  < kq  ≤ q  and (.) leads to
which implies that there exists large enough X >  such that D kq  ,q  (x) <  for x ∈ (X, ∞).
Let k = , /, , then Theorem . leads to Corollary ..
Corollary . The inequalities
and 
Corollary . The inequalities
hold for all x ∈ (, ∞).
Applications
where cosh - (x) = log(x + √ x  -) is the inverse hyperbolic cosine function. Let p, q ∈ R and the function t → Sh(p, q, t) be defined on (, ∞) by 
